ABSTRACT. Let S be a commutative cancellative semigroup and Tq be a cofinal subsemigroup of S. Let Aq be a homomorphism of Tq into the semigroup of nonnegative real numbers under addition. We prove that Kobayashi's condition [2] is necessary and sufficient for h0 to be extended to 5.
1. Introduction. A commutative cancellative archimedean idempotent-free semigroup is called an 9Í-semigroup. Kobayashi [2] proved the following: Theorem 1.1. Let T0 be a subsemigroup of an ^-semigroup S and let A0 be a homomorphism of T0 into the semigroup R°_ of nonnegative real numbers under addition. Then A0 can be extended to a homomorphism of S into R+ if and only if the pair (T0, A0> satisfies the following condition: ifx, y £ T0 and x \y (x divides y) in S, then hQ(x) < hQ(y).
One of the authors [4] has studied the homomorphisms of T0 into R+ from the viewpoint of positive quasi-orders. In this paper, we treat the homomorphisms of T0 into the nonnegative real numbers in the case when 5 is a commutative cancellative semigroup and T is its subsemigroup. Theorem 2.1 will be a straightforward generalization of the classical result that characters can be extended from a subgroup of an abelian group G to G itself. In §2, we will show that Theorem 1.1 holds if T0 is cofinal in 5. In §3, we will introduce a "boundedness condition" and discuss the relation between this condition and the extension of a homomorphism beyond a filter. In §4, we will give a few examples, which show that Theorem 2.1 does not necessarily hold if T0 is not cofinal.
A subsemigroup U of a commutative semigroup S is called unitary in S if xES, a G U and ax E U imply x EU. U is called cofinal in S if, for every x G S, there is a y G S such that xy EU. As is well known, see [1] or [5] , a unitary cofinal subsemigroup U induces a group congruence pv on S defined by x pv y if and only if ax = by for some a, b E U. We denote S/pu by S¡U. Furthermore the kernel of S -*■ S/U coincides with U. Let T be a nonempty subsemigroup of S. The smallest unitary subsemigroup T of S containing the subsemigroup T is called the unitary closure of T in S. T is given by T = {xES: xtET for some t G F}.
A nonempty subsemigroup F of S is called a filter of S [3] if x, y E S and xy G F implies x.yEF.
The smallest filter F of S containing the subsemigroup T is called the filter closure of T in S. Then f ={xES:xyET for some y G S}.
(1.
2) The following hold. (1.2.3) F^f^F.
(1.2.4) F Ç f and F is unitary cofinal in f.
Throughout this paper, R denotes the set of real numbers, R the set of rational numbers, R+ (R_) the set of positive (negative) real numbers; R+ (Kl) the set of nonnegative (nonpositive) real numbers; Z+ (Z_) the set of positive (negative) integers and Z°_ (Z2) the set of nonnegative (nonpositive) integers.
If S is a semigroup and if AT is a subsemigroup of the additive group R, then the notation Hom(S, X) denotes the semigroup of homomorphisms of S into X under the usual operation. Let Xx, X2, Yx and Y2 be commutative semigroups such that Xx CX2 and Yx CY2. Let hx G Hornig, Yx) and h2 E HomCY2, Y2). If h2\XX =hx, we say that hx of Hom(Zlf Yx) is extended to A2 of Hom(X2, Y2); in particular, if Yx = Y2, we say that hx of Hornig, Yx) is extended to X2. If the extension A2 of hx of Hom(^Tj, Yx) to X2 is unique, we say that hx of HomCYj, Yx) is uniquely extended to X2.
Let ft G Hom(5, R). A is called trivial if ft(x) = 0 for all x G S.
In this paper the binary operation in a commutative semigroup will be denoted by addition, i.e. +.
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Theorem 2.1. Let T0 be a cofinal subsemigroup of a commutative cancellative semigroup S and let h0 be a homomorphism of TQ into the additive semigroup R+ of nonnegative real numbers. Then A0 can be extended to S if and only if (K) f, e S + f2 implies A0(ij) > A0(f2) for all tv t2eT0.
In this paper, the condition (K) will be called the K-condition. It is obvious that if A0 can be extended to S then the K -condition must hold. We will prove sufficiency. Let X denote the set of pairs < T, h) where T is a subsemigroup of S containing T0 and A £ Horn (F, RÍJ) such that A \T0 = A0 and <T, h) satisfies the /(-condition.
Let [a] be the cyclic subsemigroup generated by a and let [T, a] be the subsemigroup generated by Tand a, i.e., First we show that tí is well defined: t + n • a = t' + n' • a, t, t' £ T, n, tí £ Z+, implies N-t + Nn-a + (n+n')'t2=N-t'+Nn'-a + (n+n')'t2, thatis.JvW-»-«-?! +n'-t2=N-t' + n'-t1 +n-t2. This shows A'(r + n -a) = h'(t' + n ■ a), hence tí is well defined. From its definition, tí is clearly a homomorphism into R°_, and A'|r = A. Assume t + n-a = s + t' + n''a for some a £ Proof of sufficiency of Theorem 2.1. Define the partial order in X by <Tj, Aj> < {T2, A2> if and only if Tx C T2 and A2 is an extension of hx to T2. Then it is easy to see that X satisfies the condition for Zorn's lemma and so X has maximal members. To show that any such maximal member has domain S, it suffices to show that if <T, A> £ X and a£T, then A can be extended It follows that A(r2) > h(tx). Hence A satisfies the K-condition, and so A is extended to S. By Lemma 2.2 and Corollary 2.5, the extension is unique since Sup^(a) = Inf B(a) for each a ES. a 3. Boundedness condition. In Lemma 2.3, we see that the set A is bounded. In light of this, we will introduce the boundedness condition (8-condition). In this section, we assume that S is a commutative cancellative semigroup and let F = S\F where F is a prime ideal, F =£ 0, and F is a filter [3] , F ¥= 0. Let a G F. The subsemigroup of 5 generated by a and F is denoted by P^a) or P(a) if F is fixed. We define the relation p on F as follows: c p d if and only if m • c + s = n-d + t for some s, t E F and some m,nEZ+.
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(3.1.1) x p y implies x p x +y for all x, y £ P. Proof. Since the expression of x is unique, hr is well defined. The proof of the lemma is easy. □ Theorem 3.6. Let T be a filter of a commutative cancellative semigroup S,T±S, and let ft G Horn (F, RÍE). 77ie« the following are equivalent: (3.6.1) <F, ft) satisfies the B-condition. (3.6.2) A can be extended to U^a) for each a E S\T. Example 43. Let it be the transcendental real number and let a = 7r/4. Then 0 < 7r/4 < 1, and a is transcendental over the field R of rational numbers. If ak = ak (k = 1, 2,. . .) (a* is the usual Ath power of a), then 1, ax, a2,... are linearly independent over R and 0 < ak < 1 (k = 1, 2,... ). Let F0 be the additive semigroup of R+ generated by ax,.. . , ak,. . . . F0 is actually a free commutative semigroup over ax.ak.Let bk = 1 -ak > 0 (k = 1,2,...), and let S be the subsemigroup of R+ generated by T and bx, b2,.. . bk . . . . F0 is a filter of 5. Define A0: F0 -► R+ by the homomorphism given by h0(ak) = k. Since T0 is free, A0 is well defined. Then A0 cannot be extended to A G Horn (5, RÍJ). For suppose A0 is extended to A. Then 1 = ak + bkES, which implies A(l) = h(ak + bk) > h(ak) = k for all k. This is a License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use contradiction. Finally we show that <F0, A0> does not satisfy the B-condition. Let m E Z+ and akET. As ak\\, ak\m and so ak\(m 4-a¡) in S for all m G Z+, all a¡, ak E T. Then (h0(ak)-h0(ai))lm = (k-Olm is not bounded.
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Addendum. The assumption of cancellation does not restrict our discussion by the following reason. Let S be a commutative semigroup, S0 the greatest cancellative homomorphic image of S, and g0: S -*■ S0 the homomorphism. If/is a homomorphism of S0 into R+, then A =fg0 is a homomorphism of S into R°_. Every homomorphism A of S into R0. can be obtained in this manner. Accordingly the results in this paper are extended to the case in which cancellation is not assumed.
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